ON DECOMPOSITION OF CONTINUA INTO
APOSYNDETIC CONTINUA()

BY
LOUIS F. McAULEY(®)

Introduction. This paper generalizes certain methods of decomposition of
compact metric continua due to R. L. Moore [3; 4] and G. T. Whyburn
[9; 10; 13]. While their methods yield acyclic continuous curves, hyperspaces
are obtained here which are aposyndetic [1] continua. The concept of a con-
tinuum being aposyndetic is a generalization of the concept of continuous
curves and was introduced in 1941 by F. B. Jones. In compact metric con-
tinua, this idea is equivalent to Whyburn's notion of semi-locally-con-
nectedness [14; 2]. A continuum M, i.e., a closed and connected point set,
is said to be aposyndetic at a point p with respect to a point x provided that
there exists a subcontinuum N of M and an open subset O of M such that
M—xDNDODp. If M is aposyndetic at a point p with respect to each
point x of M —p, then M is said to be aposyndetic at p. It is said that M is
aposyndetic if M is aposyndetic at each of its points.

In an early paper [10], Whyburn made use of connected cuttings of a
compact metric continuum M to obtain a decomposition of M into an acyclic
continuous curve. Later, he made use of nonseparated cuttings [13] to obtain
a decomposition of a continuous curve into a nondegenerate acyclic continu-
ous curve. Certain of these theorems concerning nonseparated cuttings are
generalized in obtaining an aposyndetic decomposition.

Moore [3] has obtained decomposition theorems by use of certain sets
M(P) defined as follows: For each point P of a compact continuum M, let
M(P) denote the set of all points X of M such that there do not exist un-
countably many different points each separating P from X in M. He proved
the following theorem: If M is a compact metric continuum and G is the
collection of all point sets M(P) for all points P of M, then G is an upper
semi-continuous collection of disjoint continua filling up M and G is an acy-
clic continuous curve with respect to its elements as points.

The definition of the sets M(P) due to Moore may be generalized in the
following manner: Suppose that M is a continuum and that p is a point of M.
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Let M(p) denote the set of all points x of M such that there does not exist an
uncountable nonseparated(®) collection M(p, x) of subsets of M such that
each element of M(p, x) separates p from x in M. In case M is a compact
metric continuum, it is proved that if G is the collection of subcontinua C of
M such that C is a component of M(p) for some point p in M, then G isan
upper semi-continuous collection of disjoint continua filling up M; and fur-
thermore, with respect to its elements as points, G is a compact aposyndetic
metric continuum. Other decomposition theorems are proved for more general
spaces.

It is noted that this generalization of the sets M (P) combines the notion
of nonseparated cuttings due to Whyburn with the definition of M(P) due
to Moore. However, the collection of all point sets M(p) for each point p in
M may not be nonseparated and each M(p) may fail to separate M. By cer-
tain restrictions on the elements of the nonseparated collection M(p, x) in
the definition of M(p), a decomposition H of a compact metric continuum M
is obtained such that H is a continuous curve. If each element of M(p, x)
is a point, then the definition of M(p) reduces to that given by Moore.

Throughout this paper, M denotes a connected separable T space.

1. Nonseparated separators. The word “separator” is used instead of
“cutting” since some authors distinguish between “cut point” and “separating
point” of a continuum. A separator of M is a subset N of M such that N
separates M into two separated point sets, i.e., M—N=H+K and H-K
=H-K=0. Let the letter K denote an uncountable collection of nonseparated
separators of M. Now, consider the following fundamental properties of K.
It should be noted that the elements of K are not necessarily closed point sets.

K1. There exist elements a, b, and ¢ of K such that ¢ separates a from b
in M(*).

K2. There exist elements p and ¢ in K and an uncountable subcollection
K of K such that each element of K, separates p from ¢ in M (Cf. [10, p. 88,
Theorem 1]).

K3. For a in K, there exists b in K and an uncountable subcollection K, of
K such that each element of K, separates a from & in M.

K4. If some element of K separates M into more than two separated point
sets, then the collection of all such elements of K is countable(?).

KS5. Suppose that T is a nonseparated collection of separators of M such
that for & in T, h=a-+b where a and b are two elements of K. Then T is
countable.

(®) A collection C of subsets of M will be called nonseparated if and only if (1) the elements
of C are disjoint and (2) no element of C separates in M two points belonging to any other one
element of C. Cf. [13;9].

() Cf. [9, p. 43 (Theorem 1.5)]. If space is metric, then Property K1 follows by Whyburn’s
Theorem 1.5. His proof makes use of a metric. This is not necessary since 1.5 follows from
Property K1.

(*) Property K4 is a generalization of a theorem due to Whyburn [13, p. 449 (8) ].
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Property K1 may be established by an indirect argument. If K fails to
have Property K1, then for two elements p and ¢ in K, there exist separations
M—p=A+B and M—q=C+D where B+p and D¢ are disjoint point
sets, each containing an open set. Thus, the separability of M is contradicted
by the existence of uncountably many disjoint open sets.

Without separability, Property K1 does not necessarily follow.

To prove that K has Property K2, it may first be shown that there exist
two points a and b of M (not necessarily elements of K) and an uncountable
subcollection K, of K such that each element of K, separates a from b in M.
It follows [13, p. 446] that K, possesses a natural order(?).

If K fails to have Property K2, then there exists an uncountable sequence
oa=hy, hs, k3, - - -, ks, - - - of elements of Ky such that either (1) for each
pair of subscripts x and y where x <y, k, precedes %, in the order from a to b
in M (h,<h,) or (2) for each pair (x, y) where x <y, h,>h,. In either case, it
follows that M contains uncountably many disjoint open sets. This is impos-
sible since M is separable. Hence, K has Property K2.

It is not difficult to prove Property K3. Property K4 may be proved by
using the following lemma which will be used again.

LeMMA 1.0. If a subset g of M separates M into three separated sets Sy, Se,
and S;, then any subset C of S; which separates Sy+g+ Sz in M must separate g
in M.

Proof. If Lemma 1.0 is false, then there is a separation M —C=N(4)
+N(B) of M into two separated sets containing subsets 4 and B of .S; and
S, respectively. Suppose that N(4) Dg. Consequently, M is the sum of two
separated point sets [N(4)+C+N(B)-S;]+[N(B)-Si+N(B)-S:]. This is a
contradiction. Hence, Lemma 1.0 is true. Note that separability is not
needed.

A proof of Property K5 is given to emphasize that these results are ob-
tained without assuming that the elements of K are closed. For h=a+b in
K, where a, bEK, there exist separations M—a=A4-+B and M—b=C+D
where CDA+a and BDb. Let E denote B-C. Hence, C=A4+a+E. If E#0,
then (1) E4+a-+b contains an open subset of M and (2) E-K*=0since Kisa
nonseparated collection(?). If E=0, then either -a0 or a-5#0. Now, if
b-a contains a point p there exists an open set R Dp such that R-D=0. Since
R-b#0, there exists an open set Z containing a point of b such that Z- (4 +D)
=0. Hence, a+b contains an open subset of M. Since M is separable, it fol-
lows that K is countable.

(8) A set or collection of sets N is said to be ordered or to possess an order provided that a
definition of “preceding” (indicated <) can be defined for each pair of elements which is asym-
metric and transitive. Suppose that for x& N, P, denotes the logical sum of all elements of N
preceding x and F, the sum of all those preceded by x (or following x). Then the order in N is
said to be a natural order if and only if for each *& N, P, - F, =P, -F,=0. Cf. [13;9].

(") The symbol K* denotes the logical sum of the elements of K.
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LemMA 1.1. There exists an uncountable subcollection K, of K such that
(1) K—K, 1s countable and (2) if g and h are elements of K., then there exists an
uncountable subcollection M(g, h) of K1 such that (i) each element of M(g, k)
separates g from b in M uniquely and (ii) M(g, h) possesses a natural order(8).

Proof. Suppose that Lemma 1.1 is false. By Property K4, there exists an
uncountable subcollection T of K such that K — T is countable and each ele-
ment of T separates M uniquely. Now, for two elements p and ¢ in T, p is
said to be in relation R to ¢ if and only if there is at most a countable number
of elements of T each of which separates p from ¢ in M. It follows that R is
an equivalence relation.

It will be proved that there are at most a countable number of equivalence
classes defined by R each of which contains at least two elements of T. Sup-
pose that this is not true. Then with each equivalence class which contains
at least two elements, associate exactly one pair of its elements. Let W denote
the collection of all such pairs of elements of T. It follows that W is an un-
countable nonseparated collection of separators of M. This is contrary to
Property KS5. Hence, W is countable. Let K; denote the collection of all ele-
ments g of T such that g is the only element in the equivalence class to which
g belongs. Then K, satisfies the conclusion of Lemma 1.1.

Although lemmas due to Zarankiewicz [15] and Whyburn [9, p. 44] are
not true even in a regular separable semi-metric topological space(?), it is
interesting to compare them with Lemma 1.1. As an illustration, consider
the following example.

ExAMPLE 1.2. Let the space .S consist of all points x of the number plane
E such that either (1) x&X where X denotes the x-axis or (2) x lies on a line
L perpendicular to X such that the Cartesian distance from L to the y-axis
is a rational number. If x and y denote two points and X Dx, then define
D(x, y) to be d(x, y)+4 where d(x, y) is the ordinary Cartesian distance and
4 is the measure (in radians) of an angle between a line L, containing x+y
and a line L, perpendicular to X at x such that 0=<4 <w/2. If D(x, ) is not
defined above for x and y in S, then D(x, y) =d(x, y). Define each spherical
neighborhood to be an open set. Let N denote the set of points x of X such
that the Cartesian distance from x to the origin is an irrational number.
Thus, N is an uncountable subset of the regular, connected, separable, and
semi-metric topological space S. Each point of N separates S uniquely and
N possesses a natural order. However, no point of N is a limit point of N.

(®) Cf. Zarankiewicz [15] and Whyburn [9, p. 44 (2.1)]. Also, cf. Lemmas 2.3-2.5 of this
paper.

The proof given here of Lemma 1.1 was suggested by R. D. Anderson.

(%) If each of the letters x and y denotes a point of a topological space S and there is as-
sociated with (%, y) exactly one non-negative real number d(x, ¥) called the distance from x to y
such that (1) d(x, y) =d(y, x), (2) d(x, y) =0 if and only if x =y, and (3) each limit point of each
subset M of S is a distance limit point of M and conversely, then the space S is said to be a semi-
metric topological space.
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Yet, if g and & denote two points of N and if K denotes the collection of all
points x in N such that g<x=<h in N, then K =K, satisfies the conclusion of
Lemma 1.1 where “M” replaces “S.”

2. Point sets M(p) and S(g, x). Nonseparated collections of separators
are used to define the point sets M(p) which are generalizations of R. L.
Moore’s sets M(P). In defining the point sets S(g, x) which are subsets of the
sets M(p), collections C of sets M(p) are used whose properties include the
property that C* is the sum of a finite number of continua.

DeFINITION 2.1. Suppose that Y is a point set property(?). For p in M,
let M(p) denote the set of all points x of M such that there does not exist an
uncountable nonseparated collection M(p, x, Y) of subsets of M each having
Property Y such that each element of M(p, x, Y) separates p from x in M.

It is not difficult to prove that the point sets M(p) have the following
properties.

M1. If p and x denote points of M and M(p)- M(x)#0, then M(p)
= M(x).

M2. For p in M, at most a countable number of the elements of K (an
uncountable nonseparated collection of separators of M each having Prop-
erty Y) either intersect or separate M(p) in M.

Ma3. If p and x are two points in M and M(p) = M(x), then there exists
an uncountable nonseparated collection M(p, x, ¥) of separators of M such
that each element of M(p, x, Y) separates M(p) from M(x) in M.

M4. For p in M, M(p) is a closed point set.

Next, consider certain subsets of M(p) defined as follows.

DEFINITION 2.2. Suppose that H denotes the collection of all points sets
M(p) for the various points p in M. Then, for xEgE H, let S(g, x) denote
the set of all points y of g such that there does not exist a subcollection C of
H such that (1) C*is "the sum of a finite number of continua and (2) C* sepa-
rates x from y in M.

The following properties of the point sets S(g, ¥) may be established.

S1. For gin H and x in g, S(g, x) is a closed point set.

S2. If x and y denote points of g in H and S(g, x)-S(g, y)#0, then
S(g, x)=3S(g, ).

Consider the following simple example which shows that a set S(g, x) as
defined in Definition 2.2 is not necessarily g.

ExAMPLE 2.21. Let the space S be the number plane minus the set of
points x such that 1 <x<3. Next, let M= D -, g: where, for each >3, gi is
the set of points (x, 1/4) such that 0<x =<4, g, and g are the closed intervals
[0, 1] and [3, 4], respectively, of the x-axis, and gs is a unit interval per-
pendicular to the x-axis at the point (2, 0). If pEg, then M(p) =g1+g:. For
p in M—(g1+g), M(p)=2p. The collection C of all points x in g is a subcol-
lection of the collection H of all sets M(p) for the various points p in M such

(%) Property Y may be that each element of M(p, x, ¥) is a point set. On the other hand,
it may be that each element of M(p, x, Y) is locally connected.
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that C* is a continuum and C* separates g; from ge in M. Thus, if g=g1+gs,
xEg, and y&Eg,, then S(g, x) =g and S(g, y) =gs. Define the elements of
H—g, g1, and g to be “points.” A subset R of these “points” is an open set if
and only if R* is an open set in M. Thus, this hyperspace is an aposyndetic
metric continuum which is not a continuous curve.

NortATION. As before, let H denote the collection of all point sets M (p) for
the various points p in M. If ¢ and b denote two elements of H, then let
M(a, b) denote an uncountable nonseparated collection of separators of M
each of which separates a from b in M. Now, let Q(a, b) denote an uncountable
nonseparated collection of subsets of M such that

(1) each element of Q(a, b) separates a from b in M uniquely,

(2) for each element g of Q(a, b) there exists an element m of M(a, b) such
that the subcollection H(m) of all elements of H which intersect m has the
property that H(m)*=gq,

(3) Q(a, b) possesses a natural order, and

(4) if p and g are two elements of Q(a, b), then there exists an uncountable
subcollection Q; of Q(a, b) such that each element of Q, separates p from g in
M.

LeEMMA 2.3. If a and b denote two elements of H, there exists a collection

Q(a, b).

Proof. By Properties M3 and K4 and Lemma 1.1, there exists an uncount-
able nonseparated collection M(a, b) of separators of M such that (1) each
element of M(a, b) separates a from b in M uniquely, (2) M(ae, b) possesses
a natural order, and (3) if g and & are elements of M(a, b), then there exists
an uncountable subcollection M (g, &) of M(a, b) such that each element of
M(g, k) separates g from & in M. For each g in M(a, b), let N(g) denote the
minimum subcollection of H such that no element of H— N(g) contains a
point of g. It follows that N(g) separates a from b in M.

By Property M2, no element of N(g) contains a point from each of un-
countably many elements of M(a, b). It will be proved that N(g) intersects
at most a countable number of the elements of M (e, b). Suppose that there
exists (1) an uncountable subcollection Ni(g) of N(g), (2) an uncountable
subcollection H(a, b) of N(a, b), and (3) a one-to-one correspondence be-
tween the elements of Ny(g) and H(a, b) such that if an element n of Ni(g)
corresponds to an element ¢ of H(a, b), then n-c#0. Let n; denote an element
of Ni(g). Now, let My(a, b) denote the maximum subcollection of M(a, b)
such that no element of M(a, b) intersects n;. By Property M2, M(a, b)
— Mi(a, b) is countable. There exists an element #n, in N(g) such that n,
intersects some element of M(a, b). Of course, m#=n,. Let Ms(a, b) de-
note the maximum subcollection of M;(a, b) such that no element of M;(a, b)
intersects ns. Now, My(a, b) — Ma(a, b) is countable. Consequently, there
exists (1) an uncountable collection of elements of N(g), (2) a well-ordering
of this collection, ny, 73, ns, - - -, 7, - -+, and (3) a corresponding se-
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quence Mi(a, b), Ms(a, b), M;(a, b), - - -, M.(a, b), - - -, of uncountable
subcollections of M(a, b) such that (i) no element of M,.(a, b) intersects
n, for x <z and (ii) there exists an element g, of Hz<z M .(a, b) which inter-
sects n,. For each 2z, associate exactly one such element g, with #n,. Let
[g:] denote the uncountable collection containing exactly one element cor-
responding to #, for each z. By Properties K2 and M2 as well as the defi-
nition of [gs], there exist two elements g, and gs where « <8 and an un-
countable subcollection K of [g.] such that for g, in K, 3 <z, and g, separates
gat+no from gg+ng in M. By definition of N(g), both n, and #ng intersect g.
Thus, g. of M(a, b) separates g of M(a, b) in M. This is impossible since
M(a, b) is nonseparated. Hence, N(g)* intersects at most a countable number
of the elements of M(a, b).

Consider two elements g and % in M (e, b) and the corresponding subcol-
lections N(g) and N(k) of H. It follows from the properties of M(a, b) that
there exists x in M(a, b) which separates N(g)* from N(%)* in M uniquely.
Consequently, the collection Q(a, b) of all point sets N(g)* for each g in
M(a, b) is a nonseparated collection of separators of M. Since (4) also follows
from properties of M (e, b), Lemma 2.3 is true.

LEMMA 2.4. There exists an uncountable nonseparated collection Q(a, b) of
separators of M having not only properties (1), (3), and (4) of Q (a, b) but also
(5) Q(a, b) is saturated(*'), (6) each element of Q(a, b) is a closed point set,
(7) for gin Q(a, b), there exists a subcollection H(q) in H such that H(q)* =g, and
(8) no element of Q(a, b) separates in M an element h of H(™).

Proof. By Lemma 2.3, there exists a collection Q(e, ). Such a collection
exists which has neither a first element nor a last element in the order from
a to b in M. Consider Q(a, b) to have this property.

For ¢ in Q(a, b), let P(q) denote the point set consisting of ¢ together with
all points x in M such that no element of Q(a, b) separates x from ¢ in M
(cf. [13, §5]). It follows that the collection ((a, ) of all point sets P(g) for
the various elements in Q(a, ) is a nonseparated collection of separators of
M which is saturated. By use of Lemma 1.0, it follows that each element of
O(a, b) separates a from b in M uniquely.

It is not difficult to show that (Q(a, ) has all properties indicated in
Lemma 2.4.

The following lemma is stated without proof(!?).

LeEMMA 2.5. If M is a hereditarily separable semi-metric topological space

(1) A nonseparated collection C of subsets of M will be said to be saturated provided that
for ¢ C and p&& M —c, there exists at least one element g of C which separates p from ¢ in M.

(2) Lemmas 2.4 and 2.5 contain parts of a theorem due to Whyburn [9, p. 45 (2.2)] which
are true in M although parts of his argument do not generalize to give a proof in a separable
topological space.

(13) A proof may be obtained from preceding results and a theorem in a note of the author’s
on naturally ordered sets in semi-metric spaces submitted to the Proc. Amer. Math. Soc.
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and a collection Q(a, b) exists, then there is a subcollection Q of Q(a, b) which
not only has the properties of Q(a, b) in Lemma 2.4 but also (9) Q(a, b) —Q is
countable and (10) no element k of the naturally ordered collection Q contains a
point which is not a condensation point [9] both of P(k)* and F(k)* where P(k)
1s the collection of all predecessors of k in Q and F(k) is the collection of all suc-
cessors of k in Q.

Example 1.2 shows that Lemma 2.5 is not true without the requirement
of hereditary separability.

3. Upper semi-continuous collections. The notion of upper semi-con-
tinuous collections is generalized so that it can be used in a topological space
which may fail to satisfy the first axiom of countability. Although the space
M may not be a Hausdorff space, with respect to certain subsets of M as
“points,” the resulting hyperspace may be Hausdorff provided that the col-
lection of * points” is upper semi-continuous. It seems that the basic notion
of upper semi-continuity does not involve the first axiom of countability but
separation by “open sets” of “ points.”

Let U denote a collection of point sets.

DEeFINITION 3.1. A subcollection R of U is said to be a region in U if and
only if R* is an open set in M.

DEFINITION 3.2. An element g of U is said to be a limit element of a sub-
collection A of U provided that every region R in U which contains g also
contains an element of (4+g)—g.

DEeFINITION 3.3. A collection U of point sets is said to be upper semi-con-
tinuous provided that if (1) 4 is a subcollection of U and (2) g and % are two
limit elements of A4, then there exists a subcollection B of 4 such that gis a
limit element of B and % is not a limit element of B.

Suppose that U denotes an upper semi-continuous collection of disjoint
closed point sets which fills up M (). Then the following statements are true.

Ul. A necessary and sufficient condition that a subcollection 4 of U be
closed in U is that A* be closed in M.

U2. If A is a subcollection of U and 4 * is connected in M, then 4 is con-
nected in U.

4. Upper semi-continuous decompositions of M into an aposyndetic con-
tinuum. There are two essential types of decompositions given in this section.
One is by the collection H of all point sets M(p) for the various points p of
M while the other is by the collection G of all point sets S(g, x) for the various
elements g in H and the various points x of g. Throughout this paper, H and
G denote the collections described above. By suitably defining Property Y
in the definition of the sets M(p), other decompositions of M may be ob-
tained. In fact, a “spectrum” of decompositions may be obtained. This will
be indicated later.

NotaTiON. The ordered pair (R, U) denotes a hyperspace whose ¢ points”

(*) A collection C of sets is said to fill up M if and only if C*= M. Cf. [3].
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are the elements of an upper semi-continuous collection U and whose “re-
gions” are those in the collection R of all regions in U defined by Definition
3.1. If a special subcollection V of R is used to define a topology for a hyper-
space whose “points” are the elements of U, then (V, U) denotes this space.

TuEOREM 4.1. The collection H is an upper semi-continuous collection of
disjoint closed point sets filling up M ; and furthermore, with respect to the ele-
ments of H as points, (R, H) is a connected, aposyndetic, and separable Haus-
dorff space.

Proof. By Properties M3 and M4 as well as the definition of H, it follows
that H is a collection of disjoint closed point sets which fills up M.

Next, it will be proved that for two elements g and % in H, there exist dis-
joint regions R(g) and R(k) in H containing g and h, respectively. Conse-
quently, H is upper semi-continuous. By Lemma 2.4, there exists a collection
O(g, &) having the properties indicated there. Thus, if e is an element of
O(g, k), then there exists a unique separation M —e =S(g)+S(h).

Now, there exists a subcollection H(e) of H such that H(e)* =e. Further-
more, e fails to separate an element of H in M. Consequently, the collections
R(g) and R(h) of all elements in H which intersect S(g) and S(k), respectively,
have the property that R(g)*=S(g) and R(k)*=S(k). Since e is a closed
point set, it follows by Definition 3.1 that R(g) and R(k) are regions in H
containing g and , respectively. It follows easily that (R, H) is a Hausdorff
space.

By Property U2, the special region R(g) in H described above is connected
in H. Similarly, (R, H) is connected. Also, the closure R(g) of R(g) in His a
continuum which fails to contain %. Hence, (R, H) is aposyndetic at g with
respect to . Since g and & denote two elements of H, it follows that (R, H)
is aposyndetic. The separability of M implies the separability of (R, H).

REMARK. Observe that if one considers a special class V; of regions in H
and then defines a topology for H with respect to these regions, then one
obtains that (V;, H) has all the properties prescribed by Theorem 2.1 as well
as being regular. Consider the following Theorem 4.2.

NoTATION. Let V denote the collection of all regions R in H such that there
exist @ and b in H, a collection ((a, b) having properties indicated in Lemma
2.4, an element e in ((a, ), and a separation M —e=S(a)+S(b) such that
the collection R(a) of all elements of H which intersect S(a) has the property
that R(a) =R. Now, let V; denote the collection of all regions R such that
either (1) Ris in V or (2) R is the collection of all elements common to a
finite number of regions belonging to V.

THEOREM 4.2. The hyperspace (V1, H) is an aposyndetic, connected, separa-
ble, and regular Hausdorff space.

Proof. It suffices to give only a proof of the regularity of (V1, H).
If Ris an element of V; containing @ in H, then there exists a finite number
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of subcollections (Ji(a;, b:), 1<i<n, each having the properties of J(a, b)
referred to above such that for 1 £4<#, (1) RDa;, (2) H—RDb;, (3) Q.(as, bs)
De; such that M —e;=S(a;)+S(b;), and (4) R= []i., R(a:) where R(a.)
denotes the collection of all elements of H which intersect S(a;). Since
Qi(as, b;) is saturated and each element of (:(a;, b:) separates M uniquely
for each 7, there exists k; in (Qi(as, b;) such that (1) M —h;=T;(a)+ T (es) and
(2) T(e;) DS(bs). It follows that the collection R;(a) of all elements of H which
intersect Ti(a) is a region in H belonging to V;. By the properties of 0:(as, bs),
there exists a subcollection H(k;) of H such that H(h;)*=Fk; which is closed
in M. Also, R(k;) is closed in H. Since S(a;) Da, Ti(e:) DS(b;), and e+S(a;) is
connected, it follows that S(a:) Dk:. Hence, R(a;) DH(k:). Now, the bound-
ary of Ri(a) is a subcollection of H(h;). Thus, J]i.: Ri(a) =R, is a region in
H containing a such that RDR,. Since R, is in V3, (Va, H) is regular.

THEOREM 4.3. The collection G [of all sets S(g, x) for the various elements
g in H and the various points x in g| is an upper semi-continuous collection of
disjoint closed point sets filling up M; and furthermore, with respect to the ele-
ments of G as points, (R, G) is a connected, aposyndetic, and separable Hausdorff
Space.

Proof. Let @ and b denote two elements of G. Now, there exist g and % in
H such that gDa and A Db.

If g#h, then by arguments analogous to those given in the proof of Theo-
rem 4.1, there exist disjoint regions R(a) and R(b) in G containing a and b,
respectively, having properties desired to establish this theorem.

If g=h, then by Definition 2.2 there exists a subcollection C of H such
that (1) C* is the sum of a finite number of continua and (2) C* separates a
from b in M. By Property U1, Cis closed in H. Now, there exists a separation
M—C*=S(a)+S(b) such that no element of G intersects both S(a) and
S(b). Let R(a) denote the collection of all elements in G which intersect S(a).
Similarly, define R(b). Thus, R(a) and R(b) are regions in G containing @
and b, respectively, such that R(a)*=.S(a) and R(b)*=.S(b). It follows that
G is an upper semi-continuous collection of disjoint closed point sets filling
up M; furthermore, (R, G) is a Hausdorff space.

It remains to be proved that (R, G) is aposyndetic when g=#h. Now, as
above, there exists a subcollection C of H such that (1) C*= D> 7., N: where
n is a positive integer and N, is a subcontinuum of M for 1=4=<# and (2)
there exists a separation M — C*=S(a)+S(b). Now, it follows that there
exists a subcollection B of G such that B*= C*. Defining R(a) and R(b) as
above, suppose that R(a)+B is not connected in G. Then R(a)+B is the
sum of two separated subcollections Hy and Hy of G. Either HyDa or
HypDa. Neither Hf; nor HY, fails to contain a point of B*, For if H};-B=0,
i=1or 2, then M=Hy}+ [B*+H};+S(b)], i+j=3, which is the sum of two
separated point sets. This is contrary to the hypothesis that M is connected.
It follows that the collection G(V;) of all elements x of G which intersect N;
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is connected for 1 <i<#n. Now, if N;- H};>0 for some ¢ and j=1 or 2, then
H,;;DG(N,). Consequently, for j=1 or 2, H;; contains at most #—1 of the
subcollections G(N;). Thus, there exists a separation R(a)+B =B;+ B: such
that (1) B, Da, (2) B; contains m=1 of the collections G(N;) for 1<71=n,
and (3) there exists no separation R(a)+B =H,+H, where H;Da and H,;
contains less than m of the collections G(V,). If B, is not connected in G, then
B,=Bu+ B where BiiDa. By an argument similar to one given above, it
follows that By contains at most m —1 of the collections G(N;). This is im-
possible. Hence, B, is connected in G. By Property Ul, B is closed in G. It
follows that B—B;-B is a region in G. Consequently, B; is a continuum in
G —b which contains a region in G containing a. Hence, (R, G) is aposyndetic
at a with respect to b. It follows that Theorem 4.3 is true.

REMARK. An upper semi-continuous decomposition of either (R, H) or
(R, G) by collections consisting of sets defined for (R, H) and (R, G) like the
sets M(p) and S(g, x), respectively, yields the same hyperspace. This is stated
in the following theorem.

NotAaTioNn. The letters H and G denote collections defined as above. Let
HH[HG] denote the collection of all point sets H(p) [G(p)] for the various
points p in (R, H) [p in (R, G)]; and GH[GG] denote the collection of all
point sets S(g, x) for the various elements g in HH[g in HG] and the various
points x in g.

TuEOREM 4.4. If Property Y is the property of being a point set(®), then
HH=H and GH=G.

Proof. First, consider HH. If a, b&H, a>b, then by Lemma 2.4 there ex-
exists a collection Q(a, b). From the properties of Q(a, b) and Definition 2.1,
it follows that H(a)* =a. Thus, HH=H.

Consider GH. Since HH = H, the definition of GH is the definition of G.
Consequently, GH =G.

In the following theorem, a decomposition of M into an aposyndetic con-
tinuum is given which leaves aposyndetic continua invariant.

THEOREM 4.5. Suppose that B denotes the collection of all elements in G which
contain points x and y such that M is not aposyndetic at x with respect to y;
Sfurthermore, suppose that A denotes the collection of all point sets k such that
either (1) kE B (the closure of B in G) or (2) kE M — (B)*. Then the collection
A‘is an upper semi-continuous collection of disjoint closed point sets filling up
M; and furthermore, (R, A) is a connected, aposyndetic, and separable Haus-
dorff space.

A proof of Theorem 4.5 may be obtained by arguments analogous to those
already given.

(®) In case M is perfectly separable, the restriction on Property Y may be omitted and
Lemma 2.5 may be used to establish the resulting theorem.
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5. A necessary and sufficient condition for an aposyndetic metric hyper-
space when M is perfectly separable. Many theorems which have restrictions
on the elements of an upper semi-continuous decomposition yield desirable
hyperspaces. Unfortunately, these restrictions are not guaranteed even
though space is perfectly separable. However, consider the following theorem
and example.

THEOREM 5.1. Suppose that M is perfectly separable. Then a necessary and
sufficient condition that the space (Vi, H) [See Theorem 4.2] be a connected
aposyndetic perfectly separable metric space is that (Vi, H) satisfy the first
axiom of countability.

Proof. Since a metric space satisfies the first axiom of countability, it
suffices to prove only the necessity.

By Theorem 4.2, (V,, H) is an aposyndetic regular Hausdorff space. In
this proof that (V), H) is perfectly separable and consequently metric,
(Vy, H) is embedded in a space which may contain “contiguous points.” For
each g in H, associate exactly one sequence {Ri(g)} of regions in V; closing
down on g. Let {D;} denote a sequence of open sets in (V1, H) such that for
each ¢, D;DD.y; and IID;=0. Furthermore, let P denote the collection of
all such monotonic descending sequences {S;} of open sets in (V;, H) such
that (1) for each 7, there exists m(z) such that D, DS; and (2) for each ¢,
there exists #(¢) such that D; D Sy;. Define P to be a point; and furthermore,
associate with each such point P exactly one sequence {D;} called the defin-
ing sequence of P.

Now, consider the following definition of neighborhoods for these newly
defined points. For each 7, a point P, and a defining sequence {D;} of P, a
neighborhood N;(P) of P is defined to be the point set consisting of all ele-
ments of H which lie in D; and all points Q such that for some positive
integer £, D; DS, where {S;} is the defining sequence of Q. If g€ H, then for
each 2, a neighborhood N:(g) consists of all elements of H-R;(g) and all
points Q such that for each j, Ri(g)-S;=0, where {S:} defines Q. Let (D, H)
denote the space whose points are the elements of H and all points P with
neighborhoods defined above. Limit points are defined in the usual way.

A distance function will be defined for certain points of (D, H) in the
following manner. Let N denote (D, H)—H and {C;} denote a countable
basis for the original space M. Suppose that gEH, PEN, and that there
exist integers ¢ and j such that N,(g)- N=0. Then let C,(;) denote the open
set in {C:} with smallest subscript such that (1) Ri(g) DCn:y and (2) Cacs
intersects both M —g and g; furthermore, let Ca(;y denote the open set of {C:}
of least subscript such that D;D Cn; where Ri(g) and D; belong to the se-
quences {Ri(g)} and {D:} associated with g and P, respectively. Let
M =min [n(i), n(§)] for all pairs of disjoint neighborhoods Ni(g) and N;(P).
Define the distance D(g, P) to be 1/m. If N;(g) - N;(P)=0 for each ¢ and j,
then define D(g, P) to be 0. For g, k€ H, define D(g, k) in a similar way.
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With respect to the distance function D defined above, certain limit points
are invariant. If PEN is a neighborhood limit point of a subcollection C of
H, then P is a distance limit point of C and conversely. Furthermore, a point
g in H which is a distance limit point of a subset Q of N is a neighborhood
limit point of Q. If g€ H is a neighborhood limit point of a subset C of H,
then g is a distance limit point of C and conversely.

It will now be shown by use of this distance function that (D, H) possesses
a countable basis. For x& (D, H) and each 4, let Uy/i(x) be a spherical neigh-
borhood of x while u,,:(x) = Uy,i(x)-H is a spherical neighborhood of x in
(V1, H). If each of m and # is a positive integer, then let H,, be the set, if it
exists, of all points g in (V;, H) such that there exists ¢ satisfying (A) Uim(g)
DONig) and (B) Uym(g) DRi(g) DRi(g) Duim(g). Since H is hereditarily
separable, there exists a countable dense subset Gmn 0f Hpmn. Thus, let R,
denote a countable collection of regions in V; such that for g in Gna, there
exists 7 and R;(g) in Ry, satisfying (A) and (B) above. For g in H, m and »
exist such that g€ H,... Hence, [Rn.] covers H. Now, let T be a countable
subcollection of open subsets of (V;, H) such that (1) if RER,. for some
m and 7, then RET and (2) the intersection of two elements of T is an ele-
ment of T. It will be shown that T is a basis for H. Suppose that there exists
k and Ri(g) Dg in H such that there does not exist RE T such that Ry(g) DR
Dg. For some m,, there exists g1 € Gim, and Rm,(g1) € Rim, such that Rn,(g1) Dg.
Thus, Rn,(g1)- [H—Rk(g)]?éO. It follows for each 4, that there exists m.,
2iEGim,;, and a region R, ,(g:) ERim; which contains g such that for each
positive integer n, [[f.: Rm,(g:)- [H Ri(g)]#0. Let Qn= ITie1 {Rn,(g)

- [H=TRi(g)]} for each n. If 7(, contains a point x*& [H—Reyi(g)], then
R..(g:) Dx for each 4. Thus, {D(gi, )} —0 and {g:} —«. Also, { D(g:, g) } —0
and {g:} —g. This is impossible. Hence, IIQ,=0. For each positive integer 7,
there exists an open set Q1. in (Vi, H) such that Qi 0.0, [[t1 Rm,(g:)
D01, and QD Q1. It follows that for each # and each ¢ where 1 <7 <#, there
exists an open set Qi, in (Vi, H) such that Qin- Q.70 and Q(i—1y D Qi where
Qon=Q». Now, for each 7, let S;= E,',’_‘ Qin. Thus, {S;} is an element of a
collection P which is a point of N. Since PE N,(g:) and D(g;, P)<1/i for
each 7, {g:} —P. It also follows that Ni..(g) - N:(P)=0 for each i. Conse-
quently, { g;} cannot converge to both P and g. Hence, T is a countable
basis for (V3, H).

Since (Vh1, H) is a regular perfectly separable topological space, it follows
by theorems due to Urysohn [8] and Tychonoff [7] that (V4, H) is metric.

REMARK. Theorem 5.1 holds for either a regular space (R, H) or (R, G).
Even though M satisfies the hypothesis of Theorem 5.1, i.e., M is a perfectly
separable metric space, it is not necessarily true that (Vi, H) satisfies the
first axiom of ¢countability. This is shown in the following example.

EXAMPLE 5.2. In the number plane E, let M= ) g; where g, denotes the
set of points (x, 0) where 0 <x=<1; go is all (0, y) such that —1<y<1; gz is all
(x, y) where —1=<x<0 and y=sin (1/x); g is all (x, 1) such that 0<x=1;
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and for each integer 1 >4, g;is all (1/4, y) where 0<y<1. An open set in M is
the intersection of an open set in E with M. It follows that M is a locally
compact metric continuum which is perfectly separable. Now, g is the only
element of H which is not a point. It will be shown that (V;, H) does not
satisfy the first axiom of countability. Suppose that there exists a sequence
{R;} of regions in V; which defines the topology of (V1, H) at gs. There exists
asequence {p;} of points and a positive integer k such that (1) for each i >k,
p:€g:-R; and (2) D_p: has no limit point in M. Thus, {p;}—»((), 1) in E.
From the definition of V; as well as Definition 2.1, it follows that there exists
a region R in V; containing g, such that R- Y p;=0. Hence, there exists no s
such that RDR;. Thus, (V1, H) fails to satisfy the first axiom of countability.

REMARK. Except in a compact metric continuum M, the first axiom of
countability as well as local compactness may fail to be properties which hold
for any of the hyperspaces (V1, H), (R, H), and (R, G). Note that the follow-
ing theorem requires that the first axiom of countability be satisfied by the
hyperspace; otherwise, the conclusion is not true.

THEOREM 5.3. Suppose that M is a locally compact metric continuum and
that (R, G) satisfies the first axiom of countability. Then (R, G) is a locally
compact aposyndetic metric continuum.

Proof. Since M is locally compact, M is both perfectly separable and here-
ditarily separable. By Theorem 4.3, (R, G) is a connected aposyndetic Haus-
dorff space.

It will be shown that (R, G) is regular. For each g in G, there exists a
monotonic descending sequence of regions {Ri(g)} in G each containing g
such that for a region R g, there exists # such that RDR,(g). Suppose that
there exists a region RDg and no region R, such that RDR,Dg. Consider a
collection [Q:] of open sets in M which covers g such that for each ¢, R*D (;
and Q; is compact. Also, there exists # such that RDR;(g) for each i=n.
For convenience, suppose that #=1. Since RDR:(g) for no i, there exists a
sequence {g,-,-} of elements of R,(g) which converges to g; in R;(g) —R-R.(g).
Now, for each i, there exists n; such that gin;- ( 2_t-1 Q) =0 since G is upper
semi-continuous and {Q; is compact. Thus, {gi,}—g. It follows that ( D gin,)
has a limit point x in g; furthermore, there exists 2 such that Q:Dx. For
infinitely many integers ¢, Qk-gin;0. This is a contradiction. Therefore,
(R, G) is regular.

In a similar way, it may be shown that (R, G) is locally compact.

By an argument analogous to the one given for Theorem 5.1, it may be
shown that (R, G) is metric.

6. Decompositions of compact metric continua into aposyndetic continua.
Since much is known about compact metric continua M, decompositions of
M seem more interesting. It is in such a space that one can find a variety of
applications of this theory. Also, it is easy to see how this work ties in with
results of Moore and Whyburn. Here the elements of G are subcontinua of



88 LOUIS F. McCAULEY [January

M, in fact, each element of G is a component of some element of H. Certain
definitions of Property Y yield H=G while others yield hyperspaces (R, G)
which are locally connected.

First, consider the following example of a compact metric continuum M
in the number plane such that M contains a point p where M(p) is not con-
nected.

ExaMPLE 6.1. Suppose that (1) J denotes a circle in the number plane
whose center is a point p, (2) x and y are two points of J, and (3) 4 and B
are two open arcs such that 4 4+p B is an open arc lying in the interior I(J)
of J whose end points are ¥ and y. Now, I(J) is separated by 4+4p4B into
two connected domains I, and I,. Let C, D, and E be disjoint open arcs in
I(J) with end points p and x such that (1) B-C=a,, B-D=a;, and B-E
=a,+as where p <a;<a;<az;<a;<y on the arc pBy in the order from » to y,
(2) each of C-I; and D-I; is one open arc for i=1 and 1=2, (3) A-Eisa
point, and (4) each of E-I, and E- I is the sum of two open arcs having no
common end point. Let J; and J; denote simple closed curves lying in
N=J+A+B+C+D+E+p such that (1) B-J,-J; contains an open arc S
with end points a and b, (2) N-[I(J)+1(Jy)]=0, and (3) I(Jy)-I(Jz) =0.
Thus, the boundary of I'(J;)+S+I(Je) is a simple closed curve J;. Also, let
1) {x.} and { y,-} denote sequences of points of .S converging to ¢ and b,
respectively, such that ¢ <x:}1 <x:;<y;<yiy1 <b on aSb for each 7 and j, and
(2) {C:} denote a sequence of disjoint simple closed curves lying in I(Js) such
that (a) for each 4, C;-S=x;+y; while each of C;-I(Jy) and C;-I(J) is an
open arc, and (b) the limiting set of {C:i} is Js, in fact, J;+S+ > C:is an
aposyndetic continuum. Finally, let M denote a space whose points are
those of the arcs and simple closed curves described above including all
possible choices for J; and J.. It follows that M is a compact aposyndetic
continuum in the number plane. Furthermore, M (p) =p+x.

REMARK. By use of Example 6.1, it may be shown that there exists a com-
pact continuum M in the plane containing a point x such that M(x).is an
infinite totally disconnected point set.

The following theorem shows that the sets S(g, x) are components of the
sets M(p).

THEOREM 6.2. If xEgE H, then S(g, x) is the component of g which contains

Proof. Let C denote the component of g which contains x. By Definition
2.2, S(g, x) DC. It will be shown that CDS(g, x). Suppose that C; is a com-
ponent of g— C. Since C and C, are disjoint closed subsets of M, there exists
a closed and compact point set B which separates C from C; in M. Let Hp
deriote the collection of all elements of H which intersect B. Thus, H} sepa-
rates C and C; in M. For h in Hp, there exists an uncountable nonseparated
collection M(g, h, Y) of separators of M each of which separates g from % in
M by Property M3 and the definition of H. Either by use of Lemma 2.5 or
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by a theorem due to Whyburn [9, p. 45 (2.2)], there exists a collection
Q(g, h) having properties described in Lemma 2.5. Thus, there exists
g€ Q(g, k) such that (1) there exists a subcollection H(q) of H such that
H(q)*=gq and (2) H(q) separates (R, H) into two disjoint connected open sets
R(g) and R(h) containing g and &, respectively; furthermore, R(g)* and
R(h)* are disjoint open subsets of M. From the definition of Q(g, k), it follows
that ¢+ R(h)* is a continuum in M —g. Thus, (R, H) is aposyndetic at &
with respect to g in this special way. Since Hp is closed and compact, there
exists a finite number of continua N;, 1<i<#n, in (R, H) such that N is a
subcontinuum of M, and ) N} separates C from C; in M. Consequently,
S(g, x) DC. Hence, Theorem 6.2 is true.

The following theorem may be proved by use of previous theorems as
well as a well known theorem concerning upper semi-continuous collections
of disjoint continua filling up a compact metric continuum.

THEOREM 6.3. The hyperspace (R, G) is a compact aposyndetic melric con-
tinuum.

Since Theorem 6.2 shows that the elements of G are continua, it is now
possible to prove the following theorem with an argument analogous to that
given for Theorem 4.4.

THEOREM 6.4. If the collections HH, HG, GH, and GG are defined as in §4,
then HH=H, HG=H, GH=G, and GG=G.

By defining Property Y in a special way, a hyperspace which is locally
connected may be obtained. Consider the following theorem.

THEOREM 6.5. Suppose that Property Y is the property of being locally con-
nected. Then the hyperspace (R, G) is a compact metric continuous curve.

Proof. By Theorem 6.3, (R, G) is an aposyndetic compact metric con-
tinuum. Suppose that (R, G) is not locally connected at some point a. Thus,
there exist open subsets D and D, of (R, G) such that (1) DOD;DD;Da and
(2) there exists a collection C of components of D; such that for & in C, the
component D, of D which contains k has the property that D;-a=0; and
furthermore, C contains an infinite subcollection C; such that if C; is an in-
finite subcollection of C;, then the closure of C; contains a (see [3]). There
exists an infinite subcollection C; of C; such that the limiting set L of Cz is a
compact continuum in (R, G) containing a. For some point p of M, M(p) Da.
Now, there exists a point g of L such that g is not a component of M(p).
Hence, there exists an uncountable nonseparated collection M(p, x, Y) of
locally connected subsets of M such that each element of M(p, x, Y) sepa-
rates M(p) from g in M.

By use of a theorem due to Whyburn [9, p. 45], there exists an uncounta-
ble subcollection Mi(p, x, Y) of M(p,.x, Y) each element of which is closed
in M. For all elements k in C,, let M(C,) denote the set of all points y in M
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such that y belongs to a point 4 of (R, G) where #E k. From these definitions
of C; and. L, it follows that the closure of M(C,) contains a point from each
of the sets @ and g. Thus, for e in My(p, x, V), there exists a subcollection C;
of C; such that C.— C; is finite and for k in C;, e separates k* in M. Since kisa
connected subset of (R, G), it follows that 2* is a connected subset of M.
Now, let {:} denote a sequence of points such that (1) for each i, there exists
k; in Cs such that = -kf Dy, (2) for i#j, kf-kf =0, and (3) {y:}—>yEL*
Since e is closed, e Dy. By hypothesis, e is locally connected at y. Thus, there
exists a connected open subset E of e (open relative to ¢) containing y such
that E is a subset of the component N of e- D which contains y. Now, NCL*.
For each 4, N-kf =0. Thus, E fails to contain y; for any 4. This is impossible.
Hence, (R, G) is locally connected at each of its points.

The following corollary to Theorem 6.5 is a theorem due to R. L. Moore
[3, p. 343 (Theorem 23a)].

COROLLARY 6.51. Suppose that Property Y is the property of being exactly
one point. Then (R, G) is a compact metric acyclic continuous curve.

7. A result for compact plane continua. By use of a characterization of
plane continuous curves, i.e., a necessary and sufficient condition that a com-
pact subcontinuum M of the number plane be a continuous curve is that each
pair of points in M be separated in M by the sum of a finite number of sub-
continua of M [3], the following theorem may be proved.

THEOREM 7.1. Suppose that M is a compact subcontinuum of the number
plane and that Property Y is the property of being the sum of a finite number o7
continua. Then (R, G) is a compact melric continuous curve.

The space (R, G) in Theorem 7.1 is not necessarily a subset of the plane.
Consider the following.

ExAMPLE 7.2. Let the points of a space M consist of a bounded spiral in
the plane which lies in the exterior of a simple closed curve J on which it
spirals down plus J plus the interior of J. With the usual topology, M is a
compact metric continuum. Now, considering the collection G, the set J is
the only element of G which is not a point. The hyperspace (R, G) is a sphere
plus an arc having only one end point in common with the sphere.

8. Concluding remarks. It is perhaps surprising that Whyburn’'s definition
of collections of nonseparated separators along with the generalization of
Moore’s sets M(P) [Definitions 2.1 and 2.2] has so many implications even
in a separable topological space. Some light seems to have been shed both on
these particular collections and sets as well as on the structure of aposyndetic
continua. By considering a finite sequence of upper semi-continuous collec-
tions filling up M which decompose M into an aposyndetic continuum, knowl-
edge of the structure of M may be obtained. Suppose that Gi, Gs, Gs, - - -, Gn
is a finite sequence of upper semi-continuous collections such that G, decom-
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poses M into an aposyndetic continuum while for 1 <¢<#n, G; decomposes
G:_, into an aposyndetic continuum. With suitable definitions of Property Y,
G. may be a continuous curve while G; is an acyclic continuous curve. Of
course, a member G; of this sequence may be obtained by use of either the
sets M(p) or the sets S(g, x) with one definition of Property Y while Gy
may be obtained by another definition of Property Y. A sequence of this
kind constitutes a subspectrum of an aposyndetic spectrum described by
F. B. Jones [2].
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